KAHLER MANIFOLDS WITH 
HOMOTHETIC FOLIATION BY CURVES. 



Wlodzimierz Jelonek 

Abstract. The aim of this paper is to classify compact, simply connected Kahler 
manifolds which admit totally geodesic, holomorphic complex homothetic foliations 
by curves. 



0. Introduction. The aim of the present paper is to classify compact, simply 
connected Kahler manifolds (M,g,J), dimM — 2n > 2, admitting a global, com- 
plex homothetic foliation T by curves which is totally geodesic and holomorphic. 
A foliation J 7 on a Riemannian manifold (M, g) is called conformal if 

L v g = a{V)g 

holds on TT 1 - where a is a one form vanishing on TT^ . A foliation J 7 is called 
homothetic if is conformal and da = (see [V], [Ch-N]). Complex homothetic 
foliations by curves on Kahler manifolds were recently classified locally in [Ch-N]. 
Let 2? be a distribution determined by a foliation T . By 8 we shall denote the 
(dim M — 2)-dimcnsional distribution which is the orthogonal complement of T> 
in TM . If X is a local unit section of T> then {X, JX} is a local orthonormal 
basis of T> and the function k = y/ (divsX) 2 + (divsJX) 2 does not depend on 
the choice of X. It turns out that k — (n — l)|a|. We classify compact, simply 
connected Kahler manifolds admitting a global, complex homothetic foliation T 
satisfying the conditions U ^ where U = {x € M : \a\ ^ 0}, i.e. if a does 
not vanish identically. First we show that (M, g, J) admits a global holomorphic 
Killing vector field with a Killing potential, which is a special Kahler potential. 
Next we use slightly generalized results of Derdzinski and Maschler [D-M-l], [D-M- 
2]. Our results rely heavily on the papers [D-M-l], [D-M-2]. As a corollary we prove 
that every compact, simply connected Kahler manifold admitting a holomorphic, 
totally geodesic homothetic foliation with a Xo ^ at least at one point xq € M is a 
holomorphic CP -bundle over Hodge manifold, M = P(£) where £ is a holomorphic 
line bundle with curvature = s£In, where s ^ and D,n is the Kahler form of 
(N, h, J). The leaves of the foliation are the fibers CP 1 of the bundle. If a = then 
M is a product of a Riemannian surface and a Kahler manifold. The result was 
partially proved in [J] and for the completeness we cite some of the calculations 
and proofs from [J] in our present paper. 
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1. Principal field. Let (M,g,J) be a 2n-dimensional Kahler manifold with 
a 2-dimensional J-invariant distribution V. Let X(M) denote the algebra of all 
differentiable vector fields on M and T(T>) denote the set of local sections of the 
distribution V. If X e X(M) then by X b we shall denote the 1-form 4> e X*(M) 
dual to X with respect to 5, i.e. <j)(Y) = X b (Y) = g(X,Y). By Q we shall denote 
the Kahler form of (M,g,J) i.e. fipf.Y) = g(JX,Y). Let us denote by £ the 
distribution T> ± , which is a 2(n— l)-dimensional, J-invariant distribution. By h,m 
respectively we shall denote the tensors h = g o (p^ x px>) 7 m = go (jp £ x p £ ), 
where pv,Ps arc the orthogonal projections on 2?, £ respectively. It follows that 
g = h + m. By lo we shall denote the Kahler form of T> i.e. u)(X, Y) = h(JX, Y) 
and by f2 m the Kahler form of £ i.e. Cl m (X, Y) = m(JX, Y). For any local section 
X e F(X>) we define div £ X = tr m VX b = m ij V ' ei X*{ej) where {ei,e 2 , ...,e 2 („_i)} 
is any basis of £ and [m*- 7 ] is a matrix inverse to [m^-], where rriij — m(ei,ej). 
Note that if / e C°°(M) then div £ (fX) = fdiv £ X in the case X e F(£>). Let 
£ € r(D) be a unit local section of P. Then {£, J£} is an orthonormal basis of T>. 
Let Jy(-X') = g(£, X) and J?7 = —r} o J which means that Jrj(X) = <?( J£, X). Let us 
denote by n the function 

(1.1) k = y/(div e £) 2 + (div £ JO 2 - 

The function k does not depend on the choice of a section £. In fact, if £' = a£ + 6 J£, 
where a, b £ C°°{dom£ > ) and a 2 + b 2 = 1 is another unit section of 2?, then J£' = 
— 6£ + o J£ and 

(1.2) {divsgf + {div £ J£') 2 = (adiv £ £ + bdiv £ J£f + (-bdiv £ ^ + adiv £ J£f 

= (diveO 2 + (dive JO 2 - 

Hence k is a well defined, continuous function on M, which is smooth in the open 
set U = {x : k(x) ^ 0}. We shall now show that on U there is a smooth, global unit 
section £ € T(U,T>) defined uniquely up to a sign such that div £ J£ — 0. Namely, 
if £' is a local unit section of r(U,T>) then then the section £ = —((dive£')£' + 
(div e JQJg) satisfies div e J£ = \{{div £ £,'){div £ J£') - (div £ J£,'){div £ Z,')) = and 
does not depend on the choice of On the other hand it is clear that the only other 
such smooth section is — £. The section £ constructed above and defined ondcM 
we shall call the principal section of V (see also [G-M]). Note that dive£ — k. 

2. Complex homothetic foliations. We start with (see [V], [Ch-N]): 
Definition. A foliation J 7 on a Ricmannian manifold (M, g) is called conformal 

if 

L v g = a(V)g 

holds on TT^ where a is a one form vanishing on TJ- 1 - . A foliation T is called 
homothetic if is conformal and da = 0. 

In the rest of the paper we assume that dimT = 2 and F is complex, which means 
that for an associated distribution T> we have JT> = T>. Let us write a(X) = g((, X). 
Then div £ JC l = 0,div £ ( = (n — 1) | ct | 2 , which means that in U the field £ = ^ JC, 

is the principal field. Let r\ = ^ . Note that k = (n — l)\a\. If we assume that 
T is totally geodesic then d £ \a\ = i.e. d\a\(X) = if X e £. In fact ([Ch-N]) 
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since da = Xg((, Q = 2g(V x (, C) = 2.g(V c C, X) = 0. A distribution V is called 
holomorphic if LxJTM C T> for any X G r(X>). Hence if 2? is holomorphic then 
for any X e r(X>), F G X(M), Z G r(£) we have g(L x JY, Z) = 0. Let A = VX. 
Note that L X J(Y) = Ao JF — Jo AY = [A, J]Y. Consequently 

(2.1) g{AJY,Z) = g(JAY,Z) 

for Y G X(M), Z G F(£). Let us write Vj{ = _p*£ for a certain function p* G 
C°°(U). 

Proposition 2.1. Le£ a foliation J 7 on a Kahler manifold (M,g,J) be totally 
geodesic, holomorphic complex homothetic foliation by curves. Then in U 

drj = 0, V 4 £ = 0,dln|a| = -(\a\ + p*)rj,dp* A r\ = 0, 
Vxv(Y) = l -\a\m{X,Y) - p*Jn(X)Jr,(Y) 

Proof. The distribution A = {X G TU : r)(X) = 0} defined in U is integrable. 
From (2.1) it follows that Vn(JX,JY) = Vr)(X,Y) for X,Y e T(£). If we take 
X = £, A = V£ in (2.1) then wc obtain 

g(AX, Y) + g(X, AY) = a(£)g(X, Y) 

for any X, Y G T(£). On the other hand since da = wc get g(AX, Y) = g(X, AY) 
on £ . Hence 

(2.2) g{AX,Y) = \w\g{X,Y) 

Consequently, since V is totally geodesic, we obtain 

Id 

(2.3) V XV (Y) = U m(X, Y) + m {X)Jin{Y) - p*Jt](X)Jr](Y), 

where = p J£. It is also clear that 

(2.4) dr\—pr\l\Jr\ 
and 

(2.5) dJn = \a\Cl — (p* + \a\)r] A Jr\. 

Thus the distribution £\u is the so called Bo -distribution defined in [G-M]. If dim 
M = 2n > 4 we also have p = g(V^£, J£) = and consequently = 0, drj = 0. 
In fact from (2.4) we get 

dp A i] A Jn + \a\pr] A CI = 0, 
and consequently p = in U = {x G M : \a\ ^ 0}. From (2.5) wc obtain 

(2.6) (d|a| + |d(|a| + p*)rj) Atl = d(p* + \a\) Ar/ A Jr\. 
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Since d\a\ £ /\ X V we get (d\a\ + \a\(\a\ +p*)rj) <= A 1 v - Thus it follows from (2.6) 
that d\a\ + \a\(\a\ + p*)n = 0. Hence 

(2.7) dln\a\ = -(\a\ +p*)r],dp* Ar) = 0. 
Thus 

(2.8) V XV (Y) = i|a|m(X, Y) - p*J V (X)J V (Y).0 

3. Examples and Killing vector fields with special Kahler potential 

First we give a definition 

Definition. A nonconstant function t G C°°{M), where (M,g,J) is a Kahler 
manifold, is called a special Kahler potential if the field X = J(Vr) is a Killing 
vector field and, at every point with dr ^ all nonzero tangent vectors orthogonal 
to the fields X, JX are eigenvectors of Vrfr. 

Let r be a special Kahler potential on a Kahler manifold (M,g, J), 

V = span{\7r, JVr} 

on U = {x e M : dr(x) ^ 0} and let J 7 be a foliation on U given by the integrable 
distribution V. Then J 7 is a totally geodesic, holomorphic complex conformal foli- 
ation. We have a = 2^-dr,( = 2-^-Vt, where by M we denote the eigenvalue of 
the Hessian H T corresponding to the distribution H = and Q = g(Vr, Vr). 

Proposition 3.1. Let X = J(Vr) be a holomorphic Killing field on a Kahler 
manifold (M,g, J). Then X is an eigenfield of the tensor H T if and only if 

(3.1) dQ = 2Adr 

for a certain function A, which is then an eigenfunction of H T . 
Proof. Since X is a holomorphic Killing field then 

dd c r(Y,Z) = 2H r (JY,Z), 

since dd c = 2idd. Note that Lxd c r = —Lx{dr o J) = Lx(dr) o J = d(Lxr) o J — 
0. Hence Xjdd c r = -d(Xjd c r) = -d(g(Wr, Vr) = -dQ. On the other hand 
dd c r(Y, Z) = 2H T (JY, Z), hence -dQ = 2H T (JX, .) = -2H t (Vt, .). The field Vr 
is an eigenfield of H T if and only if iJ r (Vr, .) = Ag(Vr, .) = Adr. It follows that 
Vr is an eigenfield of H T if dQ = 2 Adr and then H* v = Aidy-O 

Proposition 3.2. J 7 is a totally geodesic, holomorphic complex homothetic 
foliation by curves if and only if the field X — J(Vr) is an eigenvector of the Ricci 
tensor p of (M,g, J). 

Proof. We have to show that da — where a — 2jjdr. Since dQ = 2Adr it 
is equivalent to dM A dr = 0. On the other hand dAr = 2p(Vr, .) since Vr is 
holomorphic and At = -g(g,Vdr) = -(2A + 2(n - l)M). Hence dM A dr = 
if and only if p(Vr, .) A dr = which means that Vr is an eigenfield of the Ricci 
tensor p.() 
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Remark. It follows that compact Kahler manifolds admitting special Kahler- 
Ricci potential described in [D-M-l], which are holomorphic CP 1 bundles over 
Kahler Einstein manifolds, give examples of totally geodesic, holomorphic com- 
plex homothetic foliation by curves. The leaves of the foliation are the fibers CP 1 
of the bundle. 

If a Killing field X has a special Kahler potential then the distribution V = 
span{X, JX} is totally geodesic. In fact \7 X X = AJX = —VjxJX i \7 X JX = 
JVxX = —AX. Now we prove that if dimM > 6 then a Killing field X with a 
special Kahler potential X is in U an eigenvector of the Ricci tensor S of (M,g, J). 
This fact does not hold if dimM = 4 as Derdzinski shows in [D] . 

Theorem 3.3. Let X = J(Vr) be a holomorphic Killing field with a special 
Kahler potential on a Kahler manifold (M,g, J) and dim M > 6. Then 

(a) SX = XX in U, where X G C°°(U) and d(Ar) = 2Xdr, 

(b) [S, T] = and V X S = where T = VI 

(c) dQ = 2kdr 

If J o T\ V = -Aid\ v and J o T\ H = -Mid\ n , Q = g(X,X) then dQ = 2Adr 
and (a) implies (b). If ip(Y) = g(X,Y) = d c r then d^{Y,Z) = 2g(TY,Z). In 
particular Aip = 2p(X, .) = 2Xip, where p is the Ricci tensor. What is more dd c r — 
2Aw v + 2Muj n . 

Proof. Note first that 

(3.2) H T {Y, Z) = 3 (Vy Vr, Z) = - 9 {JV y JVt, Z) = -g(JTY, Z) 

and functions A, M are smooth in U. We have 2A + 2(n — 1)M = —At and 
A = ±H T (X,X) e C°°(U). Hence 

dQ(Y) = g(VQ,Y) = -2g(TX,Y) = 

(3.3) -2g( JV x Vr, Y) = 2H T {X, JY) = 2Ag{X, JY) = 

2A ff (JVr, JY) = 2Adr{Y). 

Note that JTX = -AX which implies JV Y TX + JT 2 Y = -YAX - ATY . 
Consequently 

g(JR(Y, X)X, JY) - g(TY, TY) = -YAg(X, JY) - Ag(TY, JY) 

and 

R{Y,X,X,Y)- \ \TY\\ 2 = YAYt + Ag(JTY, Y) 

where R(X, Y, Z, W) = g(R(X, Y)Z, W) for any X, Y,Z,We TM. In particular if 
Yen then 

(3.4) R(Y,X,X,Y) =M 2 ||y|| 2 -AM||y|| 2 = M(M - A)\\Y\\ 2 . 

On the other hand 2TX = -VQ i R(Y, X)Y + T 2 Y = -\V Y ^Q which implies 

R{Y,X,X,Y) = \\TY\\ 2 - ^HQ(Y,Y). 
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Hence 

R(Y,X,X,Y')=9(TY,TY') - ^{Y,Y'). 
For Y e H we get \H^{Y,Y) = AM||r|| 2 . Hence: 



(3.5) XQ = 2A 2 + (2n - 2)M 2 + ^AQ, 

(3.6) ^i? Q (X,X) = A 2 ||AT|| 2 

(3.7) ^H Q (JX, JX) = A 2 ||Af || 2 - R(JX,X,X, JX), 

if y en then 

(3.8) ^H Q (Y,Y) = AM\\Y\\ 2 
and 

(3.9) R(Y,X,X,Y) = M(M- A)||r|| 2 . 

Corollary. -|AQ = -(2A 2 + (2n - 2) M A) + ^R{JX, X, X, JX) = AQ-(2A 2 + 
(2n-2)M 2 ) aiidK(XAJX) = ^R(JX,X,X, JX) = X+^^-M{A- M), where 

Now we show that the function A, M satisfy equations dA A dr = = dM A dr 
if dimM > 6 which is equivalent to the fact that X is an eigenfield of the Ricci 
tensor S. Let cj\ = uj v ,uj 2 = u n , where oj is the Kahler form of (M,g,J). If 
77(F) = g(X, Y), 77(F) = -g(JX, Y) then u>i — ^77 A rj. On the other hand 

(3.10) dfj = 2Awi + 2Mw 2 , d?? = 0, d^i = -duj 2l Vwi = -Vw 2 . 
Hence 

dwi = -75^ Adrj = -2— (A77 Awi + Mr? A w 2 ). 

We also have 

cZAA wi - 2(A- M)^-(At] A wi + M77 Acj 2 ) + dM A w 2 = 0. 
Consequently 

dA A wi + (dM - 2-^ (A - M)Mrj) A w 2 = 0. 

Thus VA e T(V) and this relation remains true also for dimM = 4 and dM = 
-2^(M - A)M?7 which means that dM = 2^(A - M)Mdr.<> 

We have 2A + 2(n- 1)M = -Ar and consequently 2dA + 2(n- l)dM = -dAr = 
-2Adr, where Ar = -tr g H T . Note that TAT = AJX. Hence div(TX) = tr{Z -> 
Vz(Tl)} = tr{i?(Z,AT)A: + T 2 Z} = . 9 (S'A, AT)- ||T|| 2 = AQ-||T|| 2 . On the other 
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hand div(AJX) = tr{Z -> ZAJX + AJTZ} = dA(JX) - A(2A + 2(n - 1)M). 
Consequently we get 

XQ - 2A 2 - 2(n - 1)M 2 = dA(JA) - 2A 2 - 2(n - 1)AM. 

Hence dA(JX) = -2(n - 1)M(M - A) + AQ which means that XQ = qQ + 2(n - 
1)M(M — A), where dA = -gdr, and then dA(JX) = -dA(Vr) = gQ. Hence gQ = 
-2(n - 1)M(M - A) + AQ. Consequently QrfA = -Qgdr = (2(n - 1)M(M - A) - 
AQ)cir. Since dA+(n-l)dAf = -Arfr we get (n-l)QdM = (-2(n-l)M(M-A) + 
XQ-XQ)dr = -2(n-l)M(M-A)dT. On the other hand g - A = ^=pU(A-M) 
and wc get g = AT (A A JA). 
Hence 



(3.11) QrfM = 2M(A - M)dr, 

(3.12) QrfA = (2(n - 1)M(M - A) - AQ)dr. 

There exists a constant c such that = 2(r — c) or M = in U. In fact if 
V = {x e U : M{x) £ 0} ^ then in V 4 = § - - 2-^dr + 2(1 - 

^)dr = 2dr which implies d(^ — 2r) = and consequently V = U. Since the set 
M' = {x : X(x) 7^ 0} is connected we obtain 



(3.13) ^ =2 (r-c). 

Hence if a is not identically then 

(3.14) a = dln|r-c|. 

We can assume that c = replacing r by r — c. In the case dimM = 4we have to 
assume, that X is an eigenfield of the Ricci tensor S to obtain the above relations. 
Let Yen, then dr(Y) = dr(JY) = 0. Hence for any Z e X{M) we get 

Vzdr(Y) + dr{V z Y) = 0, V z dT(JY) + dr{JV Z Y) = 
which implies 

VzY v = -^-{H T {Z, Y)Vt - H T {Z, JY)JVt) = 
-M^( 9 (Z,Y)Vt + lj(Z,Y)JVt). 

If we assume that Z e H then [Z, Y] v = 2^u>(Y, Z)JVt. 
Now it is easy to see just as in [D-M-1] that 

(3.15) QR(Y, Z)Vt = 2(A - M)Mw(Y, Z)X, 

where we assume that R(u, v)w — V u V„w - Vt, V u w - V[ K .„] 10 (a different notation 
then in [D-M-1]). 
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Proposition 3.4. Let X = J(Vr) be a holomorphic Killing field on a Kahler 
manifold (M,g, J). Then in U — {x : X x ^ 0} the following conditions are equiva- 
lent: 

(a) X is an eigenfield of H T 

(b) v — Vr is pregeodesic i.e. \7 v v = Av 

(c) The distribution V = span(X, JX) is totally geodesic 

(d) The distribution V = span(X, JX) is an eigendistribution of H T , 
{e)dQ = 2Adr. 

Proof, (a) <^=> (b) X is an eigenfield of H T if and only if dQ = 2Adr. We have 
VQ = -2V X X = -2V v v which means that VQ = 2AVt if and only if V v v = Av. 

(b) (c) Since V X X = V v v = Av then V x v = -JV X X = -AJv and 
[X, JX] = 0, and we are done. 

(c) (a) Since Xg(X, X) = then g(V x X, X) = and V X X = XJX which 
means that \7 v v = — Xv. 

The equivalence (a) 4=> (d) is obvious. ^> 

If dQ = 2Adr then AQ = -2qQ + 2AAr. In fact V X VQ = 2XAVt + 2AV x Vt 
and 

H Q (X, Y) = -2qdT(X)dT(Y) + 2AH T {X, Y). 
In particular H^ v = Mg wtw. gdy — 2MAg. Note that r/ = d c r and 

dd c r = 2^-dT A d c r + 2Mu H . 
Consequently if we denote 8 = ^g(X, .) = ^d c T where s e K, then dO = 



4. Local holomorphic Killing vector field on U. Let (M, g, J) be a Kahler 
manifold of dimension 2n > 4 admitting a global, complex homothctic foliation T 
by curves, which is totally geodesic and holomorphic . We shall show in this section 
using the ideas from [J] that for every x € U there exists an open neighborhood 

V C U of x and a function / e C°°(V) such that Xv = fJ£ is a Killing vector field 
in V, which we shall call a local special Killing vector held (sec also [Ch-N]). Let 

V be a geodesically convex neighborhood of x in U. Then V is contractible. Note 
that the form <f> = — p*r), where p* — 5(Vj^J^,^) is closed in U, since by (2.7), 
dej) = —dp* A r\ — 0. Consequently there exists a function F <G C°°(V) such that 

(4.1) dF = (p= -p*r). 
Let / = expoF. From (2.8) it follows that 

(4.2) V x J V (Y) = l -^-n m (X, Y) + P *J V (X) V (Y), 

Now let V = (fJZ) b = fJV- We shall show that V x ip{Y) = -Vy^(X) which 
means that the held fJ^ is a Killing vector held in V.We get 



(4.3) V x (fJ V )(Y) = XfMY) + f^-n m (X,Y) + fp*J V (X) V (Y), 
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Since X f = fXF = -fp*n{X) we obtain 

(4.4) Vx(fJv)(Y) = f^n m (X,Y) - fp*n A Jf](X, Y) = 

f^-Cl m (X,Y)-fp*oj(X,Y), 

which proves our claim. Note that if F\ is another solution of (4.1) then Fi = F + D 
for a certain constant D £ R. It follows that /i = expi^ = CF, where C — expD. 
Consequently X\ = /i J£ — CfJ£ — CX. Recall here the well known general fact, 
that if X, Y e iso(M) are Killing vector fields on connected Riemannian manifold 
M, X ^ and Y = fX for a certain / e C°°(M) then / is constant. 
Let <f> = /£ b . Now it is clear that 

(4.5) V x <f>(Y) = Vx(fv)(Y) = f^m(X, Y) - fp*h(X, Y) 

and V x (fv)(Y) = Vy(/?))(I). Consequently d(fr)) = 0. It follows that there 
exists a function r e C°°(y) such that /£ = Vr. Consequently Xy = fj£ = 
J(Vr), which means that X v is a holomorphic Killing vector field with a Kahler 
potential r. 

5. Special Jacobi fields along geodesies in U. Let c : [0, 1] — > M be a unit 
geodesic such that c([0,/)) c U and c(Z) € If = {x € M : k(x) = 0}. A vector 
field C, which is a Jacobi field along c i.e. V|C — R(c, C)c — 0, will be called a 
special Jacobi field if there exists an open, geodesically convex neighborhood V of 
c(0) such that C(0) = X y (c(0)), VcC(O) = V d X y (c(0)). If im c n V = c([0,e)) 
then it follows that Jy(c(f)) = C(i) for all i S [0, e). We have the following lemma: 

Lemma 5.1. Let us assume that a vector field C along a geodesic c is a special 
Jacobi field along c. Then 

Um|C(t)|=0, 

and 

g(c,C) = 0. 

Proof. Let us note that g(VcC, c) = since this property is valid for Killing 
vector fields. It follows that the function g{c,C) is constant. Let k <G (0,/). Then 
c([0, k]) C U. For every t € [0, k) there exists a geodesically convex open neigh- 
borhood V t of the point c(t) and a special Killing vector field Xy t = f t J£ on V t 
defined in Section 4. The field Xy t is defined uniquely up to a constant factor. 
From the cover {Vt} : t <E [0,fc] of the compact set c([0, fc]) we can choose a finite 
subcover {V tl ,V t2 , V tm }. Let Cj be the part of geodesic c contained in Vi = V ti , 
i.e. im cC\Vi = im Ci = c((ti, tj+i)). We define the Killing vector field Xj in every 
Vi = Vt i by induction in such a way that X\ = Xy on Vi (~l V and X = Xj + i on 
V; n V i+ i. Let X 4 = fiJ£. Note that C(i) = X, t o c (i) = J£ o c(t) for f € (tj, 
Consequently, on Vi, |C| = /j. From (2.7) and (4.1) it follows that 



dlriK = rfln/j 77. 

n — 1 
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Hence 

(5.i) j t XnKOC{t) = i lnlc{t)l 

and 



. „ i d , K o c(t) K . ., . . 

^ ^ ln W = _ ^T ?7(c( * )) - 

Consequently 
Hence 

(5.4) In |C(fc) | = In « o c(k) - In + _L_ jf * ^(c(t))dt. 

Note that 
(5.5) 



/■fc /■& /■& 

/ K?y(c(i))di| < / |K»?(c(i))|dt < / n\c(t)\dt < / Kdt. 
Jo Jo Jo Jo 



Let k = sup{n(x) : x G c([0, Z])}. From (5.4) it follows that 

(5.6) In \C(k)\ < In « o c(fc) - In -^Ai + — k Z. 
Consequently 

k o c(0) 1 

(5.7) limsupln |C(/c)| < lim In n o c(k) — In — — — H n a l = —oo. 

k->j- k->i- 1^(0)1 n-1 

From (5.7) it is clear that lim fc ^ z _ \C(k)\ = 0. Since \g(c(t),C(t)) < \C(t)\ and 
g(c,C) is constant it follows that \g(c(t),C(t))\ < lim t _^ \C(t)\ = which means 
that g(c, C) = 0.<> 

6. Global holomorphic Killing vector field on M. From now on we assume 
that (M, g, J) is a complete Kahler manifold with totally geodesic, holomorphic, 
complex homothetic foliation J 7 , dimM > 4 and the set U = {x G M : n(x) ^ 0} 
is non-empty. Let K — {x G M : k(x) — 0}. 

Theorem 6.1. The set U is connected and the set K has an empty interior. 

Proof. Let fi be a non-empty component of the set U — M — K. Let x ^ U\ 
and let us assume the set int KU {U —U\) is non-empty. Let xi G int K U(Z7 — U{). 
Then X\ = exp^, IX for a certain unit vector X G T Xo M and Z > 0. Let V C U\ be 
a geodesically convex neighborhood of £0 and = fv J£ the local Killing vector 
field on V. Let C be the Jacobi vector field along the geodesic c(t) = cxp 2 . o tX 
satisfying the initial conditions:C(0) = Xy (xq), VcC(0) = Vc-XV(xo). It follows 
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that the field C is a special Jacobi field along c. In particular g(X, Xv{xq)) = 
since the geodesic c meets K. Since the set int K U (U — U\) is open there exists 
an open neighborhood W C int K U (U — U\) of the point x\. The mapping 
T Xo M 3F-> cx Px M is continuous hence there exists an open neighborhood 
P of A in T Xo M such that exp Xo IP C int KU(U-Ui). We can find a vector A x G P 
such that g(Xi,Xv(xo)) ^ 0. The field C\ along the geodesic = exp Xo tX\ 
defined by the initial conditions Ci(0) = Xv{xo), V ( jCi(0) = V^ )Ay is a special 

Jacobi field along a geodesic c? which meets K. It follows that g(d,C\) — along 
d. In particular for t = we obtain <7(Ai, X^(xo)) = which is a contradiction. 
Consequently int K U (£/ - Ui) = 0.<> 

Let xo G f/ and let V = exp Xo be a geodesically convex open neighborhood of 
xq, where W C T Xo M is a star shaped open neighborhood of € T Xo M. For every 
X € let l(X) = sup{t : iA G VK}. Hence if the sphere S e ={Ie T Xo M : |A| = 
e} is contained in W - exp~*(K) then = {tX : X e S e ,t e [0,l(X))}. In an 
open neighborhood V' C V — K of xq there is defined a special Killing vector field 
Xy = fv>Jt Let Z = X v ,(x Q ) G T Xo M so that if = {X e T XQ M : g Xo {X, Z) = 0} 
is a hyperplane in T Xo M. Note that exp~^(Vr\K) C il. Let a function k : S e — > M 
be defined as follows: fc(X) = if x ^ and = inf{i > : cxp(tX) e 

if X e i?. The set W = {tX : X e 5 e ,i G [0, fc(X))} is open and star shaped. 
Note that V" = ex P:Eo W C V - K C [/, V" is dense in V, and V" is contractible. 
It follows that in V" there is defined a special local Killing vector field Xyn. We 
can assume that Xy 1 = Xy on V' . Now we can prove: 

Lemma 6.2 On every geodesically convex open set V in M can be defined a 
holomorphic Killing vector field X such that for every open geodesically convex set 
W C V H U the restriction X\ w is a special Killing vector field on W. 

Proof. We shall use the notation introduced above. Since V" is contractible 
there exists a special Killing vector field Xy defined on V". Let us define a 
differentiable field X on V by the formula: X(exp x u) = J u (l) where u G W 
and J u is a Jacobi vector field along a geodesic c(t) = exp XQ (tu) satisfying the 
initial conditions: J„(0) = Xy (x ), Vc J u (0) = V u Xy«. It is clear that A" is a 
differentiable vector field and that Xvyn — Xy"- Since the set V" is dense in 
V it follows that A" is a Killing vector field in V. In fact if we write T = \7X 
then for every Y, Z G X{V) we have g(TY, Z) = -g(Y, TZ) on V" and both sides 
are differentiable functions on V. Thus the relation remains valid on V which 
means that A" is a Killing vector field on V. Note that X = on V n K . Since 
equation (4.5) is valid on the open, dense subset V — K of V it follows that the 
form (f> = -{JXf satisfies the relation V Y <f>(Z) = V 'z<f>(Y) for every Y, Z e X{V). 
Consequently JX = — Vr for a certain function r G C°°(V) and X = JVr on V. 
Since V JY (j){ JZ) = V Y <f>{Z) on V" and hence on V for every Y, Z G X(V) it is 
clear that A is holomorphic. <^ 

Let V\,Vi be two open, geodesically convex sets. Then the set V\ n V2 — K is 
connected. The proof of this is similar to the proof of Theorem 6.1. Since the 
sets V" C V\ — K, V2 C V2 — K are contractible there exist special Killing vector 
fields Ai = /iJ£, X2 = fiJt, on these sets. These Killing fields can be extended 
on V\ — K, V2 — K in such a way that fi = expFi where Fj satisfy equation (4.1). 
Consequently d(F\ — F 2 ) = on the connected set V\ n V 2 — K. Hence Fi = F 2 + D 
'mV\C\V2 — K for a constant Del. Consequently Ai = where C\ 2 — expD. 
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The fields X\ , X 2 can be extended to the Killing fields on V\,V 2 respectively such 
that Xi\ Krx y. = 0. It is clear that for these extensions which we also denote by 
X\ , X 2 the equation 

X\ = C12X2 

holds on Vi n V 2 . 

Now we shall prove: 

Theorem 6.3. Let (M, g, J) be a complete Kdhler manifold of dimension 2n > 4 
with totally geodesic, holomorphic complex homothetic foliations by curves. Let 
a Xo ^ at least at one point x e M. If iJ 1 (M, R) = then there exists on 
M a non-zero holomorphic Killing vector field X = J(Vr) with a special Kdhler 
potential r such that X is an eigenfield of the Ricci tensor of (M,g, J). 

Proof. Let {Vi} : i € I be a cover of M by geodesically convex, open sets V*. 
Let Xi be a Killing vector field on Vi constructed in Lemma 6.2. Let Vi fl Vj ^ 0. 
Then there exist constants Cy > such that Xi = CijXj on Vi fl Vj. These 
constants satisfy the co-cycle condition CijCjkCki = 1. Consequently the constants 
Djj = In dj G K satisfy the co-cycle condition Dij + Djk + Dki = 0. It follows that 
{Dij} is a co-cycle in the first Cech cohomology group ^({Vi}, R). Since {Vi} 
is a good cover of M it follows that ^({V^R) = fl' 1 (M, K) = 0. Consequently 
there exists a co-chain {-Di} € Z°({Vi},R) such that {-Djj} = 5({Di}). This means 
that = Dj — Di. Let C\ — expDi. Then dj — Let us define the field 
X on M by the formula X|y. = CiXi. Then it is clear that X is a well defined, 
global vector field and X <G X(M). Since Xiy. is a Killing vector field on every V, 
it follows that X is a Killing vector field. Now let <f> = -{JXf. Then d<j> = 0, 
since this equation is satisfied on every Vi. On the other hand the first de Rham 
group of M vanishes: .ff^A^R) = H 1 {M,^L) = 0. Consequently there exists a 
function t e C°°(M), such that = dr. Note also that Vd(j> is Hermitian, which 
means that X is holomorphic. Thus X = J(Vr) is a holomorphic Killing vector 
field with a Killing potential r. Note that in view of (4.5) the special Killing field 
constructed by us is a Killing vector field with a special Kahler potential t, which 
is an eigenfield of the Ricci tensor by Prop. 3.1. <0 

Corollary 6.4. Let (M,g, J) be a complete Kahler manifold of dimension In > 
4 with totally geodesic, holomorphic complex homothetic foliations by curves. Let 
a l0 ^ at least at one point x € M and let (M, g) be the Riemannian universal 
covering space of (M,g,J). Then there exists on (M,g) a non-zero holomorphic 
Killing vector field X with a special Kahler potential such that X is an eigenfield 
of the Ricci tensor of (M, g). 

Remark. Note that if dimM > 6 then for every special Kahler potential r the 
vector field J(Vr) is automatically eigenfield of the Ricci tensor S of (M, g) (see 
Th.3.3). If dimM — 4 then from Th.6.3 it follows that in our case r is a special 
Kahler- Ricci potential ([D-M-l]). 

7. Construction of Kahler manifolds. In our construction we shall follow 
Berard Bergery (see [Ber], [S]) rather then Derdzihski and Maschler, although we 
shall use the generalization of classification theorem by Derdzihski and Maschler 
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([D-M-l]) to classify Kahler manifolds with complex nomothetic foliation by curves. 
These two approaches are equivalent. Let (N, h, J) be a simply connected Hodge 
manifold, i.e. (N,h,J) is a Kahler manifold and the cohomology class {^^n} is 
an integral class. We also assume that dimiV = 2m > 2. Let s > 0,L > 0,s € 
Q,Lel and r : [0, L] — >• M be a positive, smooth function on [0, L] with r'{t) > 
for t e (0, L), which is even at and L, i.e. there exists an e > and even, smooth 
functions n, r<i : (— e, e) — > R such that r(i) = ri(f) for t G [0, e) and r(t) = r 2 (£ — t) 
for f € (L — e, L]. If s 7^ then it is clear that the function / = -rr' is positive 
on (0, L) and /(0) = f(L) = 0. Let P be a circle bundle over N classified by the 
integral cohomology class {j-Qn} where Ojv is the Kahler form of (N, h, J). On 
the bundle p : P — > iV there exists a connection form such that d9 — sp*Q.N 
where p : P — > is the bundle projection. Let us consider the manifold (0, L) x P 
with the metric 

(7.1) . 9 = dt 2 +/(t) 2 # 2 +r(;)V^ 

if s 7^ 0. The metric 7.1 is Kahler if and only if / = 2n^. We shall prove it in 
section 9. The proof coincides with the proof in [J]. This time we do not assume 
that (N, h, J) is Einstein. It is known that the metric (7.1) extends to a metric on 
a sphere bundle M — P x s i CP if and only if the function r is positive and smooth 
on (0, L), even at the points 0, L, the function / is positive, smooth and odd at the 



points 0, L and additionally 

(7.3) /'(0) = 1,/'(L) = -1. 
If / = ^j- for r as above, then (7.3) means that 

(7.4) 2r(0)r"(0) = s, 2r(L)r"{L) = -s. 

8. Circle bundles. Let (N, h, J) be a Hodge manifold with integral class 



{ ^:f2 at}, where s € Q and let p : P — > N be a circle bundle with a connection form 
# such that d8 = sflN (see [K]). Let us assume that dinx/V = 2m = 2(n — 1). Let 
us consider a Riemannian metric g on P given by 



(8.1) 5 = a 2 6®6 + b 2 p*h 

where s,iel. Let £ be the fundamental vector field of the action of S 1 on P i.e. 
= l,L^g = 0. It follows that £ € iso(P) and a 2 9 = <?(£, .). Consequently 

(8.2) a 2 d(9(A:, F) = 2g(TX, Y) 



for every I,ye X(P) where = Vx£- Note that £) = a 2 is constant, hence 
T£ = 0. On the other hand d9(X,Y) = sp*n N (X,Y) = sh(Jp(X),p(Y)). Note 
that there exists a tensor field J on P such that J£ = and J(X) = (JX*) H where 
X = X? e TP is the horizontal lift of X* e TiV (i.e. 6»(Xf ) = 0) and X* = p(X). 
Indeed L(T = and T£ = hence T is the horizontal lift of the tensor T. Now 
J = fg-T. Since T^Owc get VT(X, + T 2 X = and R(X, £)£ = -T 2 X. Thus 
5 (P(f,£)C,A:) = ||rX|| 2 and 

p«.o = imi a = ^2m. 
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Consequently 

( 8 .3) ^4i ) = -L||r||s = i^„, 

We shall compute the O'Neill tensor A (sec [ON]) of the Riemannian submersion 
p : (P,g) -> (N,b 2 h). We have 

A^F = V(V« B HF) + U{V U eVF). 

Let us write u = V{V-heHF) and u = W.(\7 nE VF). The vertical component of 
a field £ equals 0(£)£. UX,YeH then 

(8.4) sfVxF, ^0 = -(Xg(Y,0 - g(Y,W x 0) = ~g{TX,Y) = -g(X,TY). 

Hence u = \g{E - 6{E%T(F - 0(J")O£ = ^g(E,TF)£. Note that H(V x fO = 
fH(VxO = fTX, hence 

v = H(V nE VF) = 9{F)T(E) = ±g(£,F)TE. 

Consequently 

(7.5) A E F = \(g(E, TF)£ + g(£, F)TE). 



If U,VeH then 



\A V V\\ 2 = ^g{E,TF) 2 = ^g{E,JF) 2 . 



If E is horizontal and F is vertical then 

(8.6) A E F=^g(i,F)TE. 

Hence A E £, = TE and \\A E £\\ 2 = \\TE\\ 2 = It follows that 

s 2 a 2 
= ^ 

where K(P EE ) denotes the sectional curvature of the plane generated by vectors 
E,F. If E,F en then 

K(P \ K (P ) W,TF) 2 
K{Pef) = K*(P ErF J - a 2|| £:Af || 2 ' 

where E* denotes the projection of E on M i.e. E* = p(E). Thus 

f8 71 K(P ) l K(P \ 3 S 2 a 2 g(EjF) 2 

(8-7) K{P EF ) = ¥ K (P EtF J 4fe4||i?AF||2 , 
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where Kq stands for the sectional curvature of the metric h on N. Applying this 
we get for any E e % the formula for the Ricci tensor p of (M,g): 

(8-8) p(E, E) = ± Po (bE*,bE*) - iiL 

where po is a Ricci tensor of (M,h). Now we shall find a formula for R(X, £)Y 
where X, Y e H. We have R(X, £)Y = VT(X, F) and 

(8.9) VT(X,Y) = V X (T(Y)) - T(W X Y) = V* Xf (TY*) + -V[X,TY] 

-(f(V x Y*))* = \V[X,TY] = -±sp*n N (X,TY)S, = -?JLh(X t ,Y.)t 

Consequently R(X, Y, Z,£) = for X, Y, Z e %,and 

2 4 

(8-10) R(X,Z,YZ) = -^-h(X*,Y*). 

Hence p(£,X) = if g(X,£) = and £ is an eigenfield of p. Note that the Ricci 
tensor p has at a point x € P k + 1 eigenvalues where k is the number of eigenvalues 
of po at a point p(x). 

9. Riemannian submersion p:(0,L)x?4 (0,L). In this case the O'Neill 
tensor ,4 = 0. We shall compute the O'Neill tensor T (see [ON]). Note that, 
since L^6 = 0, the field £ is the Killing vector field for ((0,L) x P, g), where g = 
dt 2 + f(tfe 2 + r(t) 2 p*h. We show that (0,L) x P is a Kahler manifold and £ is a 

2 

Killing vector field with the special Kahler potential Let us denote by Y* the 
horizontal lift of the vector Y G TN with respect to the Riemannian submersion 
p N : P -> N i.e. _pjv(F*) = Y,g(Y*,£) =0. Let iJ = j- f be the horizontal vector 
field for this submersion and V be the distribution spanned by the vector fields 
H, £. If U, V e V (here V temporary denotes the vertical distribution of the above 
Riemannian submersion) and V) = then T(C7, V) = 0. Let [/ e V, g(U, £) = 
and U = U* with {/*) = 1, then the following formula holds 

(9.1) T(U,U) = -rr'H. 

In fact 2 5 (Vc/V r , i?) = -Hg(U, V) = -2rr'h(U t , V») if U = V or if g(U, V) = 0. 
We also have 

(9.2) T(U) = ~ff'H. 

Now we shall prove that the almost complex structure defined by 

JH = JX = {J*X*)* for X = (X*)* e£ = V 1 - 



wherc X* G TAT, is a Kahler structure with respect to the metric g. The proof is 
similar to that in [J] although now we do not assume that (N, h) is Einstein. We 
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have for horizontal lifts X, Y e X(P) C X((0, L) x P) of the fields X*, Y* e X(N) ( 
with respect to the submersion described in the Section 7): 

VJ(Y,X) = Vy(JX)- J(V f 1) = V^(J»(X»))*- ^d9(Y, JX)£ 
+T{Y, JX) - J(V* Yt (X,)* - ^d6{Y, X)£ + T(Y, X)) = 
-^sh(JY, JX)fJH - rr'h(Y, JX)H - ^sh(JY, X)fH + h(X, Y)rr'JH = 

if and only if / = ^f. Note that for X e H = V 1 - we have V x £ = ^JX. It 
follows that V is a totally geodesic foliation. In fact \7 H H = 0, [£, H] = and 
g(Vx£, H) = g(S7x£, = for X e %. Since the distribution I? is totally geodesic 
and two-dimensional it is clear that \7J(X,Y) = if X, Y e r(2?). Now we shall 
show that 

VJ(H, X) = VJ(X, H) = for X E £. 
It is easy to show that V xH = VrX = ^X and 

Vx(JH) = V x (jO = jT(X) = ^JX. 

On the other hand 

Wx(JH) = VJ(X, H) + J{V X H) = VJ(X, H) + -J(X). 

r 

Thus VJ(X, H) = if / = ^f. Similarly 

Vh(JX) = V JX H = -JX = VJ(H,X) + J(V H X) = VJ(H,X) + -JX 
r r 

and VJ(H,X) = 0. Note that the Kahler form ft = fdt A 6 + r 2 p*fl N of almost 
Hermitian manifold ((0, L) x P, g, J) is closed, which means that the structure J is 
almost Kahler. Thus VJ{JX, Y) = -JVJ{X, Y) and consequently V| J = which 
finishes the proof. Let U, V, W e V and 9 (f7,£) = = ff(W,f) = 0. Then for 

R(X, Y, Z, W) = g{R{X, Y)Z, W) we get 

R(U, V, £, W) = R(U, V, t W) + g(T(U, £),T(V, W)) - g(T(V, £),T(U, W)) = 0. 
On the other hand since V is totally geodesic we obtain 

R(H,V,C,H) = 

and consequently p(V,£) = which means that V is an eigendistribution of the 
Ricci tensor p of ((0, L) x P, g, J). 

From O'Neill formulae it follows also that 



R{JH, U, V, JH) = 
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if g(U, V) = and 

(9.3) R(JH,U,U,JH) = -^ r -ij ;r , 

for a unit vector field U as above. Note also that the distribution V spanned by 
the vector fields £, H is totally geodesic. Consequently if X,Y,Z& T(T>) and V is 
as above then 

(9.4) R{X, Y, Z, V) = 0. 

On the other hand for U, V as above and with g(U, V) = 0, g(U, U) = g(V, V) = 1 
we get 

R(U, V, V, U) = R(U, V, V, U) - g(T(V, V),T(U, U)) = R(U, V, V, V) - ^ 
and consequently 

p(V, V) = p(V, V) (2n - S)¥£-g(V, V) + - ^)ff(V, V) 

for any V <£ f . It means that at any point the number of eigenvalues of p is 
k + 1 where fe is the number of eigenvalues of the Ricci tensor of (N, h) at the 
corresponding point. Hence in general the special Kahler potential is not the special 
Kahler- Ricci potential. However the distributions T> 7 £ are stil orthogonal with 
respect to p. 

Theorem 9.1. Let T be a holomorphic, complex, homothetic foliation by curves 
on a simply connected, compact Kahler manifold (M,g, J). Let us assume that the 
form a does not vanish identically on M and the leaves of T are totally geodesic. 
Then M — P(C) where p : C — >• N is a holomorphic line bundle over compact, 
simply connected Hodge manifold (N,h), whose curvature equals ft — soj , s ^ 
and with a metric defined on the dense open subset M' = (0, L) x P c M 

g = dt 2 + ( — ) 2 2 +r(t) 2 p*h, 
s 

where r satisfies the boundary condition described in section 7. The leaves of T are 
the fibers CP 1 of the bundle p : P(£) -> N. If a = then M = CP 1 x N where N is 
simply connected Kahler manifold with the product metric and the leaves of T are 
CP 1 x {y } where y € N. 

Proof. In view of Th. 6.3 the distribution V associated with the foliation T 
coincides in an open, dense subset U of M with V = span{\7r, JVr} where r is 
a special Kahler potential. If dimAf = 4 the potential r is a special Kahler-Ricci 
potential. Using the results in section 3 we can apply the methods and proofs 
from [D-M-l], [D-M-2]. These proofs are also valid if we assume only that r is 
a special Kahler potential instead a special Kahler-Ricci potential and apply the 
results from section 3. Hence we do not assume that (N, h) is an Einstein manifold 
if dimM > 6. Note that the function t has two critical submanifolds N, N* of 
complex co-dimension 1, since otherwise T defined in M' = M — (N U N*) would 
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not extend to the foliation on the whole of M. In our case s ^ where the 
curvature form of the bundle C is O = soj h . Hence -§^u h is an integral form and 
(N,h) is a Hodge manifold. In the notation of [D-M-l], [D-M-2] our notation can 
be translated as follows. Let us denote u = §£ and Q = ^-f 2 = r 2 {r') 2 . We also 
have V = V, H = £. Then u is a Killing vector field 

r 2 

u = J(V-) 

and t = ^, c = 0, a = §. We have Jif = y£ and £ = ±J(Vr 2 ). It is easy 
to see that V H £ = f'JH and if I e V then V x £ = §AJA = f'JX, where 
A = §/' is an eigenvalue of i? T corresponding to the eigendistribution V. We also 
have = T^g(u, ) = ^d c r and M = (r') 2 is the eigenvalue corresponding to the 
eigendistribution H. The distance between N and N* is 

Note that divsH = 2{n — 1)^ and dwg^ = 0. In particular k = 2(n — 1)^ 7^ 
on an open and dense subset and \a\ — 2—, a = 2<ilnr. On the other hand 
for every Hodge manifold (N, h) we can construct on the manifold P(£) many 
Kahler metrics g in such a way that fibers of the bundle p : P(£) — > iV form a 
totally geodesic, holomorphic complex homothetic foliation. If J 7 is a holomorphic, 
complex, homothetic foliation by curves on a simply connected, complete Kahler 
manifold (M,g, J) with a = then M is a product of Riemannian surface E and 
a Kahler manifold TV. This follows easily from dc Rham theorem and the fact that 
in this case both distributions T>, £ are totally geodesic. If M is compact, simply 
connected then clearly S = CP 1 . <^ 
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